The issue of speckle statistics from ultrasound images of soft tissues such as the liver has a long and rich history. A number of theoretical distributions, some related to random scatterers or fades in optics and radar, have been formulated for pulse-echo interference patterns. This work proposes an alternative framework in which the dominant echoes are presumed to result from Born scattering from fluid filled vessels that permeate the tissue parenchyma. These are modeled as a branching, fractal, self-similar, multi scale collection of cylindrical scatterers governed by a power law distribution relating the number of branches at each radius. A deterministic accounting of the echo envelopes across the scales from small to large is undertaken, leading to a closed form theoretical formula for the histogram of the envelope of the echoes. The histogram is found to be governed by the power law distribution of the cylindrical weak scatterers. Examples are given from liver scans to demonstrate the applicability of the theory.
I. INTRODUCTION
A century of research on scattering of light and sound has accumulated since the landmark papers of Rayleigh (Rayleigh, 1897; 1918a) and today, every day, an uncountable number of ultrasound scans are created from tissue backscatter. In normal, soft tissues such as the liver, prostate, and thyroid, the source of the backscatter is presumed to be internal inhomogeneities which have been typically modelled as spherical shapes linked to the cellular structures of the soft tissue. A recently proposed alternative hypothesis is that within soft and macroscopically isotropic tissues such as the liver, the dominant parenchymal cellular structure forms the reference media and the fractal branching vasculature and fluid channels form the weak scattering structures within the Born approximation. The consequences of this new framework are significant, as the canonical structural shape must be cylindrical, not spherical, and the self-similar or fractal or multi-scale nature of the branching fluid channels must be considered within the ensemble average.
The second order statistics, specifically the ensemble-averaged backscatter, has been recently considered for this new hypothesis (Parker, 2019; Parker et al., 2019) , and the fractal branching cylindrical models were found to predict a power law   f  increase in backscatter vs.
frequency for tissues such as the liver, matching the experimental results from the early leading studies (Campbell and Waag, 1984; Zagzebski et al., 1993) .
However, the first order statistics of soft tissues under the new hypothesis have not yet been resolved. The distribution of the envelope of echoes from the liver and other soft tissues has been an intense subject of research over the years (Burckhardt, 1978; Bamber and Dickinson, 1980; Sleefe and Lele, 1988; Landini and Verrazzani, 1990; Wear et al., 1997; Cramblitt and Parker, 1999; Kutay et al., 2001; 2003; Laporte et al., 2009) . Based on models originating from radar and optical speckle, and on 1D convolution models, the envelope of RF echoes have been fit to Rayleigh, Gamma, Rician, Homodyne-K, and other distributions. It was hoped that some measure of tissue structure, such as the number of discrete scatterers per unit volume, could be estimated from these distribution functions.
In this analysis we depart from these frameworks in two significant ways: first, the scattering structures are assumed to be a multiscale set of cylindrical vessels of radius a with a density distribution that follows a power law,   0 .
b N a N a  Secondly, we derive a fully deterministic (not probabilistic) ensemble of echo amplitudes based on the dominant (maximum) signals obtained from the 3D convolution of a pulse with the isotropic ensemble of scattering cylindrical vessels. The result is a model of the envelope histogram that is deterministic and somewhat resembles -but is not equal to -the Rayleigh distribution. In this framework a key tissue parameter of the envelope distribution is the power law parameter , b which captures the multi-scale distribution of vessels from the few large vessels to the greater numbers of smaller vessels.
II. THEORY
Assume a broadband pulse propagating in the x direction is given by separable functions: 
where we use Bracewell's convention (1965b) for the form of the Fourier transform.
Using a 3D convolution model (Bamber and Dickinson, 1980; Macovski, 1983; Prince and Links, 2015) , we will determine the dominant echoes from the pulse interacting with each generation of elements in a branching, fractal, self-similar set of vessels shown in Figure 1 , and whose number density follows a power law behavior
From these echoes, the histogram of envelopes is determined, by summing up over all the fractal branches. Assuming an isotropic spatial and angular distribution of each generation of fractal branching structures, we need to consider a basic element across all angles of incidence with respect to the propagating wave and across all size scales, from very small micro channels of flu-id to the largest arteries and veins that can exist within the organ. Specifically, we will examine a long fluid-filled cylinder of radius a :
where 0  is the fractional variation in compressibility and density, assumed to be 1 consistent with the Born formulation,   Thus, assuming an optimal alignment, the 3D convolution result is given by the product of the transforms: 2 2 2  2 2 2  2 2 2   2  3  3  3  0   2  2  2 5 2 3   2  22  01 22 , , , ,
where the   2 x k term pre-multiplying the cylinder transform stems from the Laplacian spatial derivative in the Born scattering formulation (Rayleigh, 1918a; Morse and Ingard, 1987) and in the 3D convolution model (Gore and Leeman, 1977; Bamber and Dickinson, 1980) . By Parceval's theorem, the integral of the square of the transform equals the integral of the square of the echo, and after integration over the delta function in z k : 
The square root of this gives the root mean square (RMS) amplitude of the echo, as a function of the radius a , shown for the practical span of 0 10 a  in Figure 3 . We will associate the RMS amplitude from each echo with a proportionally higher maximum value of the envelope, as a function of cylinder radius a . This single value mapping is justified in the Appendix. Also shown in Figure 3 is an approximation which will be useful for deriving a closed form solution, the approximation is of the form   
 
Aa. The general rule is:
In our case, the derivative A  ), we find that the SNR is less than 1.6, which is below the theoretical 1.91 SNR found for fully-developed speckle under a Rayleigh probability density function (Burckhardt, 1978; Tuthill et al., 1988; Thijssen, 2003) . However, it must be kept in mind that our underlying model of cylinders vs. radius has a power law tail as the radius a goes to infinity, creating a long asymptotic tail of high amplitude. In practice, each organ has a finite upper limit to the largest artery or vein, and this truncates the upper tail of the distribution, leading to a smaller standard deviation and a larger SNR than would be suggested by formulas.
III. METHODS
In the following examples, conventional B-scans were obtained using a Verasonics scan- 
IV. RESULTS
An ultrasound B-scan of a normal rat liver is shown in Figure 6 (left), with a region of interest denoted within the liver parenchyma where the pattern of echoes demonstrates a speckle pattern. This region is distal to the transmit focus, which is located at 11 mm depth. A close-up view is shown in Figure 6 (right). . The match of this deterministic theory to the data is reasonable. The normal human liver is shown in Figure 8 . This utilized five compounded plane wave transmit pulses with dynamic receive. The histogram of echo amplitudes is shown in Figure 9 along with the theoretical curve fit with a power law parameter of 2.2 b  . 
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V. DISCUSSION AND CONCLUSION
This framework postulates that the histogram of speckle amplitudes is governed by a simple equation eqn (8) governed by four parameters: a power law b , a minimum cylinder size min a above which the echo amplitude rises as a square root of radius, a vessel density 0 N , and a scale amplitude 0 A depending on system factors such as amplifier gain. The formulation is a major departure from the treatments over the last 100 years in that the accounting is deterministic and focused on the maximum or predominant result in each step. Effectively, this means that each local maximum of the echoes is modeled as resulting from one dominant cylinder aligned perpendicular to the propagation direction of the pulse. Then, assuming a spatial ensemble large enough to encompass all radii according to the power law, the form of eqn (8) Each of these assumptions are linked to a theoretical formula with examples, however collectively they simplify the accounting of the overall chain of echo formation into a final histogram.
Consequently, the issues of complex interference phasors are not included in the analysis. In this sense our analysis returns to the earliest formulations of weak scattering from cylinders (Rayleigh, 1918b; Albini and Nagelberg, 1962) .
The applicability of this framework in different soft tissues or organs in normal vascularized tissue remains to be more widely tested. Furthermore, the important task of diagnosing abnormalities is left for further research. Presumably a disruption of the normal vascular structure in aggressive cancers would change the power law b and the vessel number density 0 N , but a detailed study of these and other common pathologies are beyond the scope of this paper.
Further high resolution studies of the vasculature in 3D for different organs, along with corresponding high resolution B-scans of the same organs, would be helpful for testing and refining this theoretical framework of speckle amplitudes from soft vascularized tissues.
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APPENDIX: MAPPING AND TRANSFORMATION OF FUNCTIONS
Herein we consider how the size distribution of cylindrical elements determines a distribution of echoes, in order to derive a histogram of echo amplitudes. A lucid explanation of the mapping of distributions is given in Chapter 5 of Papoulis (1987) . This is explained in terms of probability density functions, where a new variable is defined by
  y g x 
, and x is a random variable with known probability density function   for simplicity. In that case, by simply equating equal areas under some region of 0 x to 0 xx  , and mapping that to the y variable, the transformation rule is:
where on the right side the inverse function
is then used to eliminate x as a variable and produce an equation in terms of y . The concept is illustrated in Figure A1 . An important feature of this transformation for echo envelope functions emerges as a dramatic consequence, for anywhere near to a local maxima where the first derivative of the envelope approaches zero, the denominator term in eqn (12) approaches zero and the transformation produces a singularity around that point. Thus, as we apply this to echo envelopes where x is the echo space or time variable and y is the echo envelope, each local maxima creates a large spike in the histogram of the envelope.
As an example, let   This is illustrated in Figure A2 below for 0 1 A  . Figure A2 . Example of sampling an envelope function (a) to produce a resulting histogram (b) and theory from eqn (12) (solid line). In (a), the vertical axis is amplitude, maximum value normalized to 1; the horizontal axis is time or distance, arbitrary units. In (b), the vertical axis is sampled counts in a histogram; the horizontal axis is echo amplitude. Note the spike near amplitude=1, the local maximum of the envelope.
Another example of a modified Gaussian is shown in Figure A3 , where . Second example using a modified Gaussian envelope in (a) and the resulting histogram in (b), demonstrating the dominant value or singularity mapped from the local maximum. In (a), the vertical axis is amplitude, maximum value normalized to 1; the horizontal axis is time or distance, arbitrary units. In (b), the vertical axis is sampled counts in a histogram; the horizontal axis is echo amplitude. Note the spike near amplitude=1, the local maximum of the envelope.
